Numerical investigation for heat transfer with natural convection and nanofluid flow subjected to changeable thermal boundary conditions and inclined magnetic field has been performed. Effect of problem's parameters on each other has been monitored. It has been reached to that inclination angle can justify the quasi-symmetric boundary conditions to be symmetric. In addition to that as inclination angle increases, the magnetic force pointed to horizontal trend; so the convection regime dominates the cavity. In a related context, nanoparticles provide conduction regime, increase and maintenance the rate of heat transfer all over the cavity. However thermal emission at ends of heat source-sink has been found to be constant when boundary conditions change in the pure case.
Introduction
Considerable attention is given to the study of natural convection in enclosures which are filled with volumetric heat generating fluids. The application areas are in nuclear reactor design, post-accident heat removal in nuclear reactors, geophysics and underground storage of nuclear waste and play an important role as a dominating mechanism in energy conservation and energy efficient design in building enclosures, home heating and cooling. Natural convection besides its importance in such processes, due to the coupling of fluid flow and energy transport, the phenomenon of natural convection remains an interesting field of investigation, especially in conditioning air of habitat. In fact, the flow pattern and the representation of the thermal boundary conditions of a room surfaces have a direct effect upon the accuracy of predicting the thermal comfort, indoor air quality, heating and cooling loads for the room especially where large glazed surfaces are present.
M. Sheikholeslami and D.D. Ganji have found that choosing Titanium oxide as the nanoparticle and Ethylene glycol as base fluid proved to have the highest cooling performance for this problem. Fluid temperature increases due to increase in the thermal conductivity parameter, volume fraction of the nanoparticles while it decreases due to increase in the Velocity ratio parameter. The use of nanotubes (cylindrical shaped nanoparticles) in * Corresponding author. Tel.: +20 01118812917.
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model IIproved to have higher heat transfer enhancement as compared to spherical shaped nanoparticles (model I) . The results of M. Sheikholeslami, et al. have revealed that the enhancement in heat transfer increases as Hartmann number and heat source length increase but it decreases with increase of Rayleigh number. Also it can be found that effect of Hartmann number and heat source length is more pronounced at high Rayleigh number . Also, M. Sheikholeslami et al. have shown that Nusselt number has direct relationship with nanoparticle volume fraction and Rayleigh number but it has inverse relationship with Hartmann number and position of inner cylinder at high Rayleigh number. Also it can be concluded that heat transfer enhancement increases with increase of Hartmann number and decreases with augment of Raleigh number . In the same context, M. Sheikholeslami and D.D. Ganji have indicated that skin friction parameter increases with augment of Reynolds number and Rotation parameter but it decreases with increase of injection parameter. Also it can be found that Nusselt number has a direct relationship with Reynolds number and injection parameter while it has a reverse relationship with Rotation parameter, Schmidt number, Thermophoretic parameter and Brownian parameter . Results of M. Sheikholeslami, et al. proved that enhancement ratio increases with decrease of Rayleigh number and it increases with augment of Hartmann number. Also it can be concluded that Nusselt number has a direct relationship with nanoparticle volume fraction, Rayleigh number and it has a reverse relationship with Hartmann number . M. Sheikholeslami, et al. have revealed that average Nusselt number is an increasing function of nanoparticle volume fraction and Rayleigh number, while it is a decreasing function of Hartmann number. Moreover it can be found that the enhancement in heat transfer increases as Hartmann number increases but it decreases with increase of Rayleigh number (Sheikholeslami et al., 2013) . A study of natural convection in cavities heated from below by a thermal source which dissipated energy at a constant rate carried by Ramos and Milanez (1998) . Sezai and Mohamad (2000) studied three-dimensional natural convection from a discrete flushmounted rectangular heat source on the bottom of a horizontal enclosure. The upper wall surface was maintained at a cold temperature and two kinds of boundary conditions were applied on the sidewalls. A numerical study on natural convection in a glassmelting tank heated locally from below is due to Sarris et al. (2004) .
More recently, Calgagni et al. (2005) investigated an experimental and numerical study of free convective heat transfer in a square enclosure characterized by a discrete heater located on the lower wall and cooled from the lateral walls. A numerical investigation of natural convection of air in a vertical square cavity with localized isothermal heating from below and symmetrical cooling from the sidewalls was carried by Aydin and Yang (2000) . The top wall as well as the non-heated parts of the bottom wall was considered adiabatic. Sharif and Mohammad (2005) studied the same configuration as Aydin and Yang, where the localized isothermal heat source at the bottom wall was replaced with a constant flux heat source. They investigated the effect of aspect ratio and inclination of the cavity on the heat transfer process.
Ben Cheikh et al. (2007) investigated natural convection in a square cavity heated locally from below with a constant flux source and cooled from above with several specified thermal boundary conditions at the top and sidewalls.
As the boundaries have great effect, the kind of medium and other external forces have the most dangerous effect on flow and heat patterns.
As a consequence, there has been increased interest in the flows of electrically conducting fluid in cavities subjected to external magnetic field. For an electrically conducting fluid exposed to a magnetic field, Lorentz force is also active and interacts with the buoyancy force in governing the flow and temperature fields. Rudraiah et al. (1995) investigated the effect of surface tension on buoyancy driven flow of an electrically conducting fluid in a square cavity in presence of a vertical transverse magnetic field to see how this force damps hydrodynamic movements, since, this is required to enhance crystal purity, increase compositional uniformity and reduce defect density. Al-Najem et al. (1998) used the power control volume approach to determine the flow and temperature fields under a transverse magnetic field in a titled square enclosure with isothermal vertical walls and adiabatic horizontal walls at Prandtl number of 0.71. They showed that the suppression effect of the magnetic field on convection currents and heat transfer is more significant for low inclination angles and high Grashof numbers. Ikezoe et al. (1998) have presented many interesting phenomena occurred in the magnetic field such as the levitation of a water droplet by strong magnetic field, and driving of air flow due to magnetic field. Wakayama (1991) , and found very interesting phenomena such as jet stream of nitrogen gas into air (Wakayama jet) in a steeply decreasing magnetic field, enhancement of combustion flames and sustaining flame under microgravity. El Jery et al. (2010) examine the influence of an external oriented magnetic field on entropy generation as well as on heat transfer and fluid flow in natural convection of two different fluids which are air (with Pr = 0.71) and liquid gallium (with Pr = 0.02) enclosed in a square cavity.
Macroscopic models for nanofluid flow and heat transfer can be classified as single-phase and two-phase models (Sarkar, 2011; Saidur et al., 2011; Heris et al., 2007) . Single-phase approaches consider nanoparticles and base fluid as a single homogeneous fluid with respect to its effective properties (Maiga et al., 2004) . While two-phase approaches handle continuity, momentum and energy equations for particles and base fluid using three different methods. One of these methods is Eulerian Mixture model (EMM) where momentum and energy equations are solved for mixture phase coupled with continuity equation for each phase, then phase velocities are related by empirical correlations (Lotfi et al., 2010; Ahmad et al., 2010) . The other method is the Eulerian Eulerian model (EEM) where separate continuity, momentum, and energy equations for each phase are solved. This approach is suggested for flows where interactions between phases are not well defined (Kalteh et al., 2011) . Although two-phase models provide a better understanding of both phases, single-phase models are computationally more efficient, however provide less detail about each phase (Kalteh et al., 2011) .
In this approach, the effect of nanoparticle-base fluid relative velocity is treated as a perturbation of the energy equation and an empirical dispersion coefficient is introduced to describe the heat transfer enhancement. Numerical formulation is developed using the single-phase model proposed by Xuan and Roetzel (2000) that accounts for thermal dispersion of nanoparticles in the base fluid. Skin friction coefficients increase with increase of squeeze number and Hartmann number but they decrease with augment of solid volume fraction. Nusselt number increases with increase of solid volume fraction and Hartmann number while it decreases with increase of squeeze number . Particles with a smaller size have better ability to dissipate heat, and a larger volume fraction would provide a stronger driving force which leads to increase in temperature profile. Nusselt number has direct relationship with the Rayleigh number and heat source length while it has reverse relationship with size of nanoparticle and volume fraction of cobalt . The average Nusselt number is an increasing function of nanoparticle volume fraction as well as the Rayleigh number, while it is a decreasing function of the Hartmann number (Sheikholeslami et al., 2012) .
Magnetic nanofluid is a magnetic colloidal suspension of carried liquid and magnetic nanoparticles. The advantage of magnetic nanofluid is that fluid flow and heat transfer can be controlled by external magnetic field, which makes it applicable in various fields such as electronic packing, thermal engineering and aerospace. has studied Al 2 O 3 nanofluid flow in presence of magnetic field using LBM, they calculated the effective thermal conductivity (where the Brownian model was considered) and viscosity by KKL correlation. They found that Nusselt number is an increasing function of nanoparticle volume fraction and Rayleigh number but it is a decreasing function of Ha except for Ra = 10 4 where the pattern inverses around the critical value Ha c = 40. He (Sheikholeslami, 2014) has used CVFEM to study ferrofluid flow and heat transfer in the presence of magnetic field. Nusselt number is an increasing function of magnetic number, Rayleigh number and solid volume fraction while it does conversely with Hartmann number. Also, heat transfer decreases with increase in both Ra and magnetic number but it increases with increase in Hartmann number.
For ferrofluid in semi annulus enclosure with considering of thermal radiation, Nusselt number is an increasing function of Ra, solid volume fraction and magnitude number, while it is a decreasing function with Hartmann number and radiation parameter . Heat transfer rate and dimensionless entropy generation number increase with increase of Rayleigh number and solid volume fraction, but they decrease with increase of Hartmann number . M. Sheikholeslami, et al. have found that maximum stream value decreases with increase of Hartmann number. Augmentation of Ha causes Nu to decrease . Magnitude of skin friction coefficient is an increasing function of magnitude number, rotation number, and Reynolds number but it is a decreasing function of solid volume fraction. Nusselt number increases with increase of volume fraction and Reynolds number but it decreases with Eckert number, magnitude number and rotation parameter . M. Sheikholeslami and D.D. Ganji have studied effect of field on ferrofluid flow and heat transfer. Nusselt number increases with augmentation of Rayleigh number and solid volume fraction. But it decreases with increase of Hartmann number. At low Rayleigh number, heat transfer is an increasing function of magnitude number while for high Ra, it is vice versa . The results of Sheikholeslami et al. (2014) show that as Hartmann number increases Nusselt number decreases while opposite trend is observed as nanoparticles volume fraction, Rayleigh number and aspect ratio increase. Domination of conduction mechanism causes heat transfer enhancement to increase. So enhancement in heat transfer increases with increase of Hartmann number and aspect ratio while it decreases with augment of Rayleigh number. Nusselt number is an increasing function of buoyancy ratio number but it is a decreasing function of Lewis number and Hartmann number. Also it can be concluded that as buoyancy ratio number increases the effects of other active parameters are more pronounced . In addition, Nusselt number is an increasing function of nanoparticles volume fraction, dimensionless amplitude of the sinusoidal wall and Rayleigh number while it is a decreasing function of Hartmann number . Hamad (2011) analytically investigated the natural convection of a nanofluid over a linearly stretching sheet in the presence of a vertical magnetic field. He showed that for a given value of the solid concentration, the heat transfer rate decreases as magnetic field increases. The point in his work is that the effective value of the electric conductivity for nanofluid was not calculated and that in the governing equations the electric conductivity is set according to the properties of the base fluid. Thus the increase of the solid volume fraction, in a given magnetic field, does not affect the Lorenz force. Ghasemi et al. (2011) studied numerically the magnetic field effect on natural convection in a square enclosure filled by a nanofluid. They have used basic mixture model for calculation of effective electric conductivity of nanofluids. Their results showed that the effect of the solid volume fraction on the heat transfer rate strongly depends on the values of the Rayleigh and Hartmann numbers. Nemati et al. (2012) considered the effect of the magnetic field on natural convection of nanofluid by using Lattice Boltzmann model. Their results indicated that the averaged Nusselt number increased with increase of the solid volume fraction parameter, while in the presence of a high magnetic field, this effect is decreased. Mahmoudi et al. (2013) also, investigate the entropy generation and enhancement of heat transfer in natural convection flow and heat transfer using Cu-water nanofluid in the presence of a constant magnetic field. The analysis uses a two dimensional trapezoidal enclosure with the left vertical wall and inclined walls kept in a low constant temperature and a heat source with constant heat flux placed on the bottom wall of the enclosure (see Table 1 ).
Mathematical modeling
Considering two-dimensional laminar natural convection of incompressible nanofluids in square enclosure depicted in Figs. 1a and 1b. Now for the steady motion of the equations for conservation of mass, momentum and energy in rectangular coordinate systems are given by: In Eqs. (1)-(4), x and y are Cartesian coordinates measured along the horizontal and vertical walls of the cavity respectively, u and v are the velocity components along the x-and y-axes respectively, T is the fluid temperature, p is the fluid pressure, g is the gravity acceleration.
Numerous formulations for the thermo-physical properties of nanofluids are proposed in the literature (Table 1 ). In the present study, we are adopting the relations which depend on the nanoparticles volume fraction only and which were proven and used in many previous studies (Einstein, 1956; Brinkman, 1952) as follows:
The effective density of the nanofluid is given as:
where φ is the solid volume fraction of the nanofluid, ρ f and ρ p are the densities of the fluid and of the solid fractions respectively, and the heat capacitance of the nanofluid given is by Khanafer et al. (2003) as,
The thermal expansion coefficient of the nanofluid can be determined by:
where β f and β p are the coefficients of thermal expansion of the fluid and of the solid fractions respectively. Thermal diffusivity, α nf of the nanofluid is defined by Oztop and Abu-Nada (2008) as:
In Eq. (8), k nf is the thermal conductivity of the nanofluid which for spherical nanoparticles, according to the Maxwell-Garnett model (Maxwell, 1904) , is:
The effective dynamic viscosity of the nanofluid based on the Brinkman model (Brinkman, 1952 ) is given by
where µ f is the viscosity of the fluid fraction and the effective electrical conductivity of nanofluid was presented by Maxwell (1904) as
where γ = Introducing the following dimensionless set:
into Eqs. (1)- (4) yields the following dimensionless equations:
are respectively the Prandtl number, the Rayleigh number and the Hartmann number.
The enclosure boundary conditions consist of no-slip and nopenetration walls, i.e. u = v = 0 on all four walls. The thermal boundary conditions assumed are θ = 0 or ∂θ /∂n = 0 at any cooled or adiabatic sidewalls, respectively. Here, n is the unit normal to the boundary surface. On the bottom wall the boundary conditions are as follows:
The local Nusselt number is defined as:
And the average Nusselt number is defined as:
Numerical procedure
The set of governing equations is numerically solved by the finite difference method. The governing equations are solved line by line by employing the ADI method, whereas the stream function equation is solved point by point. The finite difference form of diffusion and convection terms are written based on three points central difference which has second order accuracy. To check the convergence of the sequential iterative solution, the sum of the absolute differences of the solution variables between two successive iterations has been calculated. When this summation falls below the convergence criterion, convergence is obtained, which the convergence criterion has been chosen as 10 −7 . To allow grid independent examination, the numerical procedure has been conducted for different grid resolutions. This method was found to be suitable and gave results that are very close to the numerical results obtained by Haajizadeh et al. (1984) and Grosan et al. (2009) for classical fluid. As we can see from Table 2 the present results give a good agreement with the results obtained by the authors mentioned above. These favorable comparisons lend confidence in the numerical results to be reported subsequently.
The obtained results for both θ max and ψ max provide good accuracy (to some extent) to the numerical method. As shown in Table 2 the computed values are stable with respect to the Rayleigh number parameter, so the accuracy of FDM method is independent of Ra.
Discussion of results
Numerical simulations are performed for fluid flow and thermal characteristics associated with the natural convection heat transfer in enclosure filled with Cu-water nanofluid containing pair heat source-sink placed in the horizontal walls is studied. The parameters considered in the present study are length of heat source Fluid flow is symmetric around a vertical centerline in C 1, where two circulating cells are formed; one in the clockwise direction then the other will be in the inverse to hold continuity equation for all fluid particles. Stream function increases as position closes to the core of circulating cell. The motion's forces are the buoyancy, viscous and the magnetic forces, magnetic force suppresses the convection regime resulted in buoyancy force. As inclination angle increases, the magnetic force pointed to horizontal trend; so the convection regime dominates the cavity and the flow in the left half greater than the other which is noticed from results (Fig. 2a) . Stream values decrease for nanofluid due to the heterogeneity of the particles. C 2 configuration rises stream values and vanishes the symmetry. Vertical velocity increases near to bottom and top surfaces, while the horizontal is greatest in the middle region. Increase of inclination angle positively affects the flow up to π /4. But stream changes qualitatively at π /2 where quasi-symmetry has been occurred around the vertical line adjacent to centerline. It is construed by two reasons; the horizontal velocity resultant of convection regime increases as position closes to side walls while the magnetic force works at the inversion direction of U diffusion for each particle. Therefore the velocity vanishes (stream function vanishes) at some point on each horizontal line intersect the cavity. The group of these points form symmetric axis that is seen in Fig. 2a . The domination of the left circulating cell is due to the nature of the magnetic work. Generally, magnetic field does not play role except for supplement the left half than the other as observed in π /4, π /2. Although the shape in C 4 can be divided into two halves, there is no symmetry for stream. So the insulated parts in this configuration are not effective. The symmetry at Φ = π /2 is construed as the magnetic force divides the resultant force into two parts, so all cases of this position are symmetry. The flow trend in C 5 is unidirectional. The trend of motion is inverse C 2 and C 4 because C 5 differs from them in the high-half of left side. There is not symmetry for the asymmetric thermal conditions. As angle increases, magnetic force divides the buoyancy force into two parts. Since the boundary conditions are reciprocal, two circulating cells differ in trend can be formed. This is clearly noticed at Φ = π /2 so this parameter can justify the quasi-symmetric boundary conditions to be symmetric.
Conduction regime in C 1 dominates the cavity because of the distribution of thermal conditions and magnetic field. Existence of adiabatic surfaces in the top helps to transfer temperature all over the cavity. As angle increases, the convection regime has been enhanced because the magnetic field mitigates its effect on buoyancy force. Nanoparticles provide conduction regime, increase and maintenance the rate of heat transfer all over the cavity. Convection regime in C 2 dominates the cavity but the inclination angle supplies conduction regime because the effect of buoyancy force is weaker than other cases. The convenient reason is the qualitative conversion of the stream which became symmetry as a result of energy consumed division into two parts. So any symmetry in isotherms implies to enhancement of conduction regime as seen in C 3. C 4 is as same as C2 but has large scalability to heat transfer. The insulated region (the bottom half of the right side) has not effect so the adiabatic condition obviously appears in the opposite side. Fig. 2b shows the variation of local Nusselt number. The curve of C 1 is symmetry around the centerline shaping a parabola; its head in the bottom and it is open up, i.e. the rate decreases in the left-half and increases in the right-half. C 2 is decreasing curve, C 3 is increasing, C 4 is decreasing and tends to linearity, and C 5 corresponds to C 3. When Φ = π /2, C 2 and C 5 have partial symmetry, C 4 becomes totally symmetric, and C 1, C 3 are correspondent. Fig. 5 ensures that angle's effect differs w.r.t. the configurations, consequently it confirms boundary condition changing has the greatest effect on results and deductions. (b) Effect of Hartmann and Rayleigh numbers
The core of circulating cell of stream lines in C 1 moves toward bottom because the magnetic force reversely works at the V-diffusion's trend. Increase of Ha provides the conduction regime for C 1 and decreases magnitude of stream function for C 2 (Fig. 3a) . The stream values multiply 100 times in C 1. As Ra increases in C 4, the left circulating cell tends to domination (Fig. 3b) .
The rate of local heat transfer for C 1 identify with C 3 where they are symmetry around centerline shaping parabola its head is in bottom (Fig. 3c) . C 2 and C 4 (tends to linearity) are decreasing curves while C 5 is increasing curve. The rate decreases generally at Ha = 100, C 1 relatively increase over than C 4 which becomes symmetric curve too. C 4 is more splaying than C 1.
(c) Effect of solid volume fraction
Increase of ϕ provides conduction regime in C 1 (Fig. 4a) , where ϕ = 0.1 has the greatest value and increases the average of temperatures in C 2. There is a radical difference between pure and nano cases in C 4. Three circulating cells are found due to conduction regime in some regions (bottom, mostly) and convection style (top) where the insulated boundary surfaces. Perhaps the discrete cold regions on the boundaries help formation of the secondary cells.
C 1's profile of Nusselt number is symmetric (Fig. 4b) and C 3 too. C 4 is symmetry (as parabola) and its splaying is larger than C 1 but has lower values than C 1. It is found that C 3·C 2 (decreasing curves) and C 5 (increasing curve) are reciprocal and partial symmetric curves.
Curves of Nu m −Φ are symmetry around π /2 because magnetic field in interval [π /2, π ] plays the same role as before provided that inversion of the direction (Fig. 5) . C1, C2, C3 have one tip, C 4 and C 5 have two tips. The highest heat transfer rate is described by C 3 while C 4 enrolls the least. Dependence of average Nu on φ affects with boundary conditions of study case (Fig. 5) , for example; {C1, C 2, C 3, C 5} are regular decreasing curves while C4, that has the least rates, is irregular, increasing in somewhere and decreasing in others. Starting and finishing points are identical in pure case for following curves: {C1, C 2, C 3} have the same starting point and {C1, C 3, C 5} have the same end point which is (27.5). {C4, C 5} have the same start point and {C2, C 4} which is (12.5). This means that the thermal emission at ends of heat source-sink is constant when boundary conditions change. Profile of C 1 is symmetric around centerline and has the least rates for nanofluid while C 5, which is increasing, has the highest rates. C 2 curve is decreasing and C 4 is less than it. C 3 curve is symmetric but not around centerline. The relation between average Nu and Ha is decreasing globally (Fig. 5) , some are regular and the others are irregular. C 4 represent the lowest rates while C 5 is the highest. The curves C 2, C 3, C 5 match for Ha greater than 40. At 10 3 , C 1 and C 3 are symmetric, correspondent parabola curves and enrolled the highest values. C 2 (decreasing curve) and C5 (increasing curve) are reciprocal. C 4 is symmetric, has very large splaying (closes to straight line) and enrolls the least heat transfer rates. C 1 and C 3 stay without change except for their relatively reduce in magnitude comparing to the others at 10 5 . C 2 and C 5 hold the highest rates (Fig. 5) . The relation of average Nu and Ra is globally increasing and linear as shown in Fig. 5 . Both of {C1, C 3} and {C2, C 5} are correspondent and C 4 enrolls the lowest rates.
Conclusion
A numerical simulation of MHD natural convection flows in a square cavity partially heated from below using Cu-water nanofluid has been studied for specified thermal boundary conditions at the top and sidewalls. The most important things has been reached are listed in following:
• Stream values decrease for nanofluid due to the heterogeneity of the particles.
• Fluid flow is symmetric around a vertical centerline in C 1.
• C 2 configuration rises stream values and vanishes the symmetry.
• All cases at Φ = π /2 are symmetry due to the magnetic force divides the resultant force into two parts.
• Existence of adiabatic surfaces in the top helps to transfer temperature all over the cavity.
• As angle increases, the convection regime has been enhanced because the magnetic field mitigates its effect on buoyancy force.
• C 4 is as same as C2 but has large scalability to heat transfer.
• The highest heat transfer rate is described by C 3 while C 4 enrolls the least.
• Increase of Ha provides the conduction regime for C 1 and decreases magnitude of stream function for C 2.
• The relation between average Nu and Ha is decreasing globally.
• The relation of average Nu and Ra is globally increasing and linear.
• Radical difference is found between pure and nano cases in C 4.
